Field theory on CP1 with Chern-Simons term is analyzed classically and then quantized. The constrained system is disentangled using the elegant BRST method. The quantum Hamiltonian, the BRST charge and the anti-BRST charge are derived. Application to a recently proposed model with principal chiral fields is elaborated.
where D, = (a, + iA,) and 2 is a complex two-spinor (21, 22) . The Lagrangian has the symmetry SU (2) ,+bal x U(l)local. Obtaining the correct canonical structure within the Hamiltonian formulation serves two basic purposes. First, the physical Hilbert space and the corresponding time evolution operator in the constrained phase space can be obtained. Second, it will serve as the starting point for calculation of quantum effects either through a canonical perturbation series or through lattice regularized methods, or if permissible, a path integral approach. The Hamiltonian structure is not at all trivial. The system has two constraint fields, namely the X(Z) field and the time component of the gauge field AC,(Z). These lead to a number of primary and secondary constraints.
Various workers have derived the canonical structure of the nonlinear sigma model4 and the CP1 model5 with or without the Hopf term (versus the Chern-Simons term).
_ Most have quantized either through the traditional method of Dira@ in presence of the second class constraints or simply solved for the constraints and started with a new effective Lagrangian. These routes usually lead to non-canonical commutation relations and the physical subspace of Hilbert space is not always lucid.
I -1
We will exploit the elegance and clarity of the BRST method7 to quantize the above field theory and obtain in this way a canonical hamiltonian with canonical commutation and anti-commutation relations and a simply defined physical Hilbert space. The resulting theory represents exactly the constrained system in a particular gauge. The price one pays is the additional degrees of freedom like the BRST ghost degrees of freedom introduced in the process (which decouple) and a nonlinear Hamiltonian.
We will follow the work of Nemeschansky, 
II. Classical Effective Lagrangrian
In this section we will eliminate the gauge degrees of freedom entirely, thus obtaining a new classical Lagrangian. The equations of motion that result from -- where Jp = i(cVpZtZ -Zt~,Z).
We can solve the second constraint equation using any convenient parametrization of the Z(z) fields. For example, we can write 2 = (21 ', 22 ') where - (2) Therefore, the X(z) constraint field is unnecessary. The /A = 0 component of the third equation of motion is actually a constraint which, when using ZtZ = 1,
The theory is U(1) gauge invariant, thus we make the gauge choice A0 = 0. Now the remaining gauge degrees of freedom can most generally be expressed as where $(z) and d(z) are some scalar functions. Equation (3) now means we can solve for $(z, t):
where D(z -s') solves d2D(z -z') = 6c2)(z -z') and is given by
The covariant (Noether) current is given by J,!foether = i(DpZtZ -2tDp.Z).
By taking the derivative of the third equation of motion, we find dpJroether = 0.
This implies, since 2t.Z = 1, aiAi = -; c3,Jp , where i = 1,2 and ,U = 0, 1,2. This implies a solution for 4(z, t):
Putting all this together, we can re-express the Lagrangian in terms of the constrained Z(z) fields in the A0 = 0 gauge:
where again~i = 1,2 and the dot implies a time derivative.
For the boundary condition at spatial and temporal infinity Ai = 0, the last term can be written as -~(c~~cJ@ -c?~$J$). Alt ernatively, the third equation of motion implies
which implies for the effective action
Now substituting the expressions for A~,c#J(x),~~,(z) from Eqs. (4), (5) and (8) 
IV. BRST Quantization
The key insight underlying the use of the BRST method applied to constrained systems as discussed in the NPW paper is to identify the C2 constraint as applying to only the radial degree of freedom in field space. This identifica- 
-X(qcq -1) + &p,xAh3uAX .
While we are still at the Lagrangian level, we will change our field coordinates.
The four bosonic field coordinates cri(s) describe R4 and the product o:icri is just the radius squared. Thus, constraint C2 implies the phase space is restricted to the hypersphere R = oj~vi = 1. There remain three angular degrees of freedom.
To capture this completely, we recast the Lagrangian density in radial coordinates making the usual transformations:
The inverse transformations relate the radial and angular variables to the alphas. 
where A and nA denote the two gauge degrees of freedom and K is short for Given the transformation rules in Eqs. (20) and (23), we find that 6U = iCr. 
where we have used time derivatives instead of canonical momenta for the ghost fields to make the symmetries more familiar. Combining these terms with the expression relating lZ ' and X ' in Eq. (24)) we read off the final Hamiltonian Xcp = X' + ~UBRST.
The construction of the BRST and anti-BRST charge operators is straightforward. We require of the BRST charge when acting on a field @(xc) to produce -the same variation as given in Eqs. (27) and (28) 
where the v's are the usual Pauli 2 x 2 matrices.
The constraint ajo! = 1 translates to UtU = 1, i.e., the special unitary matrices. Note that det(U) = a&. 
with D,U = (a, + iApv,)U.
From now on, we are instructed to think of U (x) in terms of an expansion in e(z) which means that the above Lagrangian density has an infinite number of interactions.
What is the analog of fT, the expansion parameter for chiral Lagrangians?
In the CP1 model, if the Z(x) are dimensionless, there will appear a dimension-full parameter in front of the lowest order action. This parameter will serve as fir.
In quantizing the model, we will encounter the usual "Gauss's" law (sec- 
SA, = -a,q .
If the Hamiltonian formalism is carried through in the framework of Uii's as the above variations exhibit, the resulting progression will be similar to the exercise with the o's (ai -Ukl) and a constraint on the modulus of the Uij will have to be added. Therefore, one must instead expand the U fields in terms of the 8 fields and then proceed. This expansion can be truncated to the most significant lowest order terms and then quantized.
Having described this, we will use the BRST method to gauge fix the action and define the path integral for an alternative .formulation of the perturbation theory for this model. 
.:
where by U we mean U(O,). 
